Abstract. In 1512, on December 30 th , the first edition of Fray Juan de Ortega's Arithmetic was published in Lyon. The last chapter, titled "Rules of Geometry", deals with lower approximations of 14 square roots. In later editions of the Arithmetic on 1534, 1537 and 1542 in Seville, these values are replaced by upper approximations. Twelve of them verify the Pell's equation, and so they are optimal. At this moment nobody knows the way they were obtained. In this paper we show how these approximations can be obtained through a method consistent with the mathematical knowledge at that time.
Introduction
The first edition of Fray Juan de Ortega's Arithmetic 1 was published on December 30 th 1512 in Lyon. The book contains a collection of elemental arithmetic rules, as operations with integers and rational numbers, square roots,. . . , some notions about commercial calculus such as proportions or equivalences between Spanish coins of that time. The rules are written in a practical and didactic way, so "there will not be fraud in the world about computing". The text achieved great success in Europe. In 1515 the work was published and translated into Italian in Roma and it was also translated into French by Claude Plantin and published in Lyon. After this edition some new ones editions: in Messina (1522), in Seville (1534, 1537, 1542, 1552), in Grenade (1563) and in Cambray (1612 ). However, we remember this book, 500 years later, because of the approximations of the square roots written on the geometric applications at the end. In the last chapter, "Rules of Geometry", Ortega solved exercises of elementary geometry and had to find some square roots. Some of them, in our language, is about to find the length of a field with a circular shape and whose area is equivalent to another one with a square shape, or to find the edge of an equilateral triangle so that its area is equivalent to a given square. Both problems are written in the Appendix II.
In the first edition he approaches 14 lower square roots following a rule previously exposed. On the Seville editions in 1534, 1537 and 1542, those values were replaced, without any explanation, by upper approximations optimal in 12 cases out 2 . In the edition of 1512, page 230, there are also two upper approximations , and they haven't been changed in the following editions 3 . How did Ortega manage to obtain these values has been a mystery that has occupied the mind of many mathematicians and historians of science and has led to a lot of papers. Some of them are due to P. Tannery [14] , [15] , [16] , [17] , Cantor [4] , Enestrőm [7] , Perrot [8] , J. Rey Pastor [9] , [10] , [11] , [12] , [13] , and Barinaga [1] , [2] .
The method used by those authors to calculate the roots can not obtain some of the results presented by Ortega (bringing them to consider that or the author or the printer had a mistake 4 ) Although the solutions obtained by Ortega in the three editions of Seville are optimal, they should be something very new to the point to change the values; when Gonzalo del Busto re-edit the work, he was forced to rectify the many mistakes he found in some previous impressions. Thus, the optimal approximations were replaced by those from the 1512 edition. In the following pages we will show all the roots and the approaches proposed by Ortega in different editions. And, according to the absence of explanations by the author, we suggest what could happen and we present a method to obtain all approaches consistent with the mathematical knowledge of the time. 2 The upper approximation
) 2 − n = 1 y 2 , these equations are known as Pell'equeations. A well known example of this equation is the problem of Archimedes'cows. In the XII century, some similar equations were solved by Bascara.
3 See Appendix II
In column I, the approximations of the first edition of 1512, those of 1515 and the approximations modified in editions of 1552 and 1563 are written
5
. All first 14 values are lower approximations. They have been obtained by applying the usual algorithm for square roots described in chapter 7 of the book titled "About square and cubic roots". In our current language:
Where a = √ n (integer part) and r = n − a 2 , the remainder. Thus √ 128 = 11 + 128 − 121 22 + 1 = 11 + 7 23 .
The last two values in column I are upper approximations and the way they were obtained is unknown. Both remain unchanged in later editions.
In column II all values that appeared in Seville's editions in 1534, 1537 y 1542 are written. They are upper approximations and all of them are optimal except those that are written in rows 13, 14 and 15. In those cases we also indicate how the approximations can be done.
Our hypothesis about the method applied by Ortega
Rey Pastor in [10] page 80, point out the possibility that Ortega was inspired on Nicolas Chuquet' Triparty, or on any book of Arabic origin, even on the Paciolo' Summa.
Our hypothesis is that Ortega could obtained his approaches using a special method of "la regle des nombres mohines"("mediation" 6 , some kind of mean) written in the manuscript Triparty en la sciencia des nombres, from Chuquet [5] . This book was finished in 1484 7 in Lyon, the city where Ortega published the first edition of his work in 1512.
The text contains the approximations of the square roots of the first natural numbers. Chuquet between both fractions. 7 However the text was not printed until 1880 by Aristide Marre. See Chuquet [6] 8 This method provides solutions that verify the Pell's equation. 9 Nowadays the inequality is well known, however the second part of the inequality (Heron's formula) was not known until the XIX century.See [14] As above, a = √ n and, r = n − a 2 the lower remainder. · · ·
In the following tables we show the results obtained by this way for the 14 first values of column II. The red values are the solutions given by Ortega , even though we have continued the process to find the first optimal solution.
As we have seen, the method provides all of Ortega's solutions, even the approximation of √ 2000 which again appears simplified. Later we will see another way to approach √ 2000 as Ortega did (without simplifying).
The approximations written in the two last rows 127 Those are upper approximation, remain unchanged in all editions and are not integers.
As the edition of 1512 does not gave a lower value to start the process described above, we have started from the lower and upper integer roots as Chuquet did. 
Conclusions
It is clear that with this method we can obtain all approximations. They are consistent with the mathematical knowledge at that time and may be with the Ortega's knowledge, because the book was printed in Lyon, the same place where Chuquet was living and the same city in which he published his text "Triparty" where we can find the "regle des nombres mohines" for computing approximations of square roots. , may suggest some doubt about this hypothesis. In any case, consistency and accuracy of the results leads us to refuse that Ortega or the publisher had made a mistake in the approximations as some authors maintain.
Appendix I EDITIONS OF THE WORK.
• 1512. Lyon.
"Siguese una composicion de la arte de la aritmetica y Juntamente de geometria: fecha y ordenada por fray Juan de ortega de la orden de santo domingo: de los predicadores." Imprimido a Leon : en casa de maistro Nicolau Tratado subtilissimo de arismetica y de geometria cõpuesto y ordenado por el reuerendo padre fray Juã de Ortega de la orden de los predicadores.
Fue impresso el presente libro ... agora nueumẽte corregido y emendado en casad Jacom Crõberger en la muy noble y muy leal ciudad de Seuilla, 1542.
-http://cisne.sim.ucm.es/record=b2338782*spi -http://clio.cul.columbia.edu:7018/vwebv/holdingsInfo?bibId= 1232813 -http://books.google.com/books/ucm?vid=UCM5322482689&printsec= frontcover -http://ccuc.cbuc.cat/ • 1552. Sevilla.
Tractado subtilissimo d'arismetica y de geometria, compuesto por el reuer edo padre fray Juan de Hortega de la orden de los predicadores. Ahora de nuevo enmendado . . . por Gonçalo Busto. Un hõbre tiene vna torre quadrada la qual tiene por cada vn cadrãgulo.10.canas este hõbre quiere trocar esta tierra quadrada a otra tierra redõda:demando que quãtas canas terna por circuito la tal tierra redõda:faras ansi multiplica por si y montarã.200.despues toma el
